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Abstract – Global linear stability theory is used to study the resonances in a slowly diverging axisymmetric jet. The absolute frequencyω0 is calculated
as a function of slow axial positionX, and analytic continuation into the complexX-plane allows a saddle point inω0 to be identified. A key element
in the analysis is the approximation ofω0(X) by rational functions which identifies a well-defined saddle point and leading-order global frequency. A
preferred-mode Strouhal number,SD = 0.44, is calculated which compares well with existing experimental values. The global frequency has negative
imaginary part and the jet is interpreted as being marginally globally stable, so that forcing in the vicinity of the resonance frequency produces a large
response above background, rather like that of a slightly damped linear oscillator. The axial shape of the global-mode amplitude is Gaussian and yields
a superdirective acoustic field. 2000 Éditions scientifiques et médicales Elsevier SAS
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1. Introduction

In practical cases jet noise fields are generated by jet flows subject to external forcing, usually through
fluctuations upstream of the nozzle exit. Such forcing, if suitably coherent, stimulates large-scale coherent
structures of the jet-column mode kind. These structures have often been modelled as axisymmetric (or low-
order azimuthal) spatial instability waves, of each frequency present in the forcing. In this view the jet is
simply an amplifier of external fluctuations. Various calculations have been made to determine the curve
of amplification as a function of fluctuation frequency and other parameters (Crow and Champagne [1];
Michalke [2]; Crighton and Gaster [3]), although these calculations, and the prediction of the associated
acoustic fields, have met with limited success. An alternative view regards the jet as a resonator, whose lowest
modes are slightly damped and have resonance frequencies with small imaginary parts. These global mode
frequencies are preferentially filtered out of a general nozzle exit forcing. The axial shape function of the lowest
order global mode can be expected to be Gaussian, as shown by the general theory of global modes developed
by Monkewitz, Huerre and Chomaz [4] and other collaborators. A Gaussian shape function, together with
appropriate parameters, is precisely what is needed to yield a superdirective (beaming) acoustic field, according
to the theory of Crighton and Huerre [5], and in agreement with the measurements of Laufer and Yen [6] on
very low speed jets.

Under certain flow conditions, many spatially developing shear flows exhibit self-sustained oscillations with
the result that near-field large-scale dynamics become effectively tuned at a specific frequency. The spatio-
temporal distribution of fluctuations then defines the global mode associated with the flow. Typical examples of
flows which exhibit self-sustained oscillations are wakes and hot jets. Huerre and Monkewitz [7] and Chomaz,
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Huerre and Redekopp [8] have shown that a region of local absolute instability is necessary for the existence
of globally unstable flows. Here we examine the case of an axisymmetric cold jet where local instability
analysis shows that, although the flow does not produce a pocket of absolute instability, it can be described
as being marginally globally stable. Analysis is restricted to axisymmetric modes, which are simple to excite
in experimental investigations and are more unstable in the potential core region of the jet than higher-order
azimuthal modes.

In marginally globally stable flows, the response to forcing becomes similar to that of a slightly damped linear
oscillator, in that forcing close to the resonance frequency gives rise to a large response above background.
The existence of a resonance, or preferred, frequency agrees with the behaviour observed in experimental
investigations where a preferred jet-column mode is evident. The idea of using a global mode framework
to analyze the jet-column mode was originally developed by Huerre and Monkewitz [7]. They adapted a
Ginzburg–Landau model and showed that the response to forcing was exactly that of a slightly damped linear
oscillator close to resonance. The theory of global modes thus predicts a well-defined resonance frequency,
whereas there is no definite frequency selection using locally parallel stability theory.

The method of determining the global modes associated with a spatially developing flow is applied to the
specific example of an axisymmetric ‘near-top-hat’ jet flow which models that studied experimentally by Crow
and Champagne [1] and Laufer and Yen [6] amongst many others. This jet flow (actually the mean flow of a
turbulent jet) is assumed to be weakly non-parallel so that global modes can be studied using the WKBJ-type
of analysis developed by Monkewitz et al. [4]. The preferred mode Strouhal number associated with this flow
can be determined using the local instability properties on the real axial (X) axis. Absolute frequencies and
wavenumbers are calculated in accordance with the criterion of Briggs [9] and Bers [10,11]. This imposes
conditions on the origins of the spatial branches that give rise to pinching in the complex frequency plane,
and allows the absolute frequency to be correctly identified. Once values along the realX-axis have been
determined, analytic continuation is used to immerse the problem in the complexX-plane. This allows the
location of saddle points in the absolute frequency to be determined which, in turn, gives the leading-order
estimate of the global frequency.

Section 2 describes the governing equations and local stability analysis and section 3 outlines the global
frequency calculation leading to expressions for the global-mode frequency. Section 4 introduces the analytical
form used for the jet mean flow. In section 5 the numerical procedure used to solve the governing stability
equation is described, followed by the method of analytic continuation used in the determination of the saddle-
point location. Numerical results are then presented for the global-mode frequency and other parameters, and
comparisons are made with experimentally determined quantities.

2. Governing equations and stability analysis

The flow problem for the slowly diverging axisymmetric jet is formulated in terms of cylindrical
coordinates(x∗, r∗, θ) (where superscript ‘∗’ is used throughout to denote a dimensional quantity). The
total streamfunction consists of a time-independent mean flowψ̄∗(x∗, r∗) and an unsteady perturbation of
axisymmetric disturbanceŝψ∗(x∗, r∗, t∗). In this case the jet mean flow has an analytical form fitted to
experimental measurements. The total streamfunction is

ψ∗(x∗, r∗, t∗)= ψ̄∗(x∗, r∗)+ ψ̂∗(x∗, r∗, t∗),

andu∗x = (1/r∗)∂ψ∗/∂r∗ andu∗r =−(1/r∗)∂ψ∗/∂x∗.
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In jet-flow problems there exist two length scales, the shear-layer thicknessδ∗, and the jet exit radiusD∗/2.
In order to non-dimensionalize the problem all lengths are scaled with respect to the radiusD∗/2 and velocities
with respect to the mean centre-line velocityU ∗0 , so that the dimensionless variables are

r = 2r∗

D∗
, x = 2x∗

D∗
, u= 2u∗

U ∗0
, t = U

∗
0 t
∗

D∗
.

Substitution of the streamfunction into the incompressible Euler equations and linearizing with respect to the
perturbation leads to the following equation for the perturbationψ̂ :[
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where the non-dimensional mean velocity field is denoted by[U(x, r),V (x, r)]. Terms appearing on the right-
hand side arise from the non-parallel form of the mean flow.

The mean flow is assumed to be weakly non-parallel, so that it depends in the streamwise direction on the
‘slow’ coordinateX = εx, whereε � 1 and is a measure of the divergence rate of the jet in relation to a
disturbance of O(D∗), so thatε ∼ d(δ∗/D∗)/d(x∗/D∗). It should be noted that this weakly non-parallel flow
assumption restricts any viscous effects to O(ε) and for the mean flow under investigation the rescaling results
in U =O(1) andV =O(ε). The aim now is to determine the causal Green’s function,G(x, r, t), of (1) with
the introduction of a source term in (1).

In order to proceed the Fourier transform of (1) is taken in time, with

Ĝ(x, r,ω)=
∫ ∞
−∞

G(x, r, t)exp(iωt)dt, (2)

and the standard form of the WKBJ approximation (see Bender and Orszag [12]; Monkewitz et al. [4]) used for
the Green’s function. This gives

Ĝ± ∼ [Ĝ±0 (X, r)+ εĜ±1 (X, r)+O
(
ε2)]exp

[
i

ε

∫ X

Xs

k±(X′;ω)dX′
]
, (3)

where ‘+’ and ‘−’ correspond to solutions downstream and upstream of the source respectively, andk± denote
local wavenumbers originating in the upper and lower halves of thek-plane respectively.Xs is the axial location
of the source on the jet centreline, and only axisymmetric modes are considered.

Successive terms in the expansion ofĜ± are determined using the method of multiple scales. By using the
chain rule

∂

∂x
→ ∂

∂x
+ ε ∂

∂X
,

and introducing the expansion for̂G± in (1), a series of locally parallel problems are generated at each order
in ε.

At O(ε0), Ĝ±0 must satisfy the homogeneous Rayleigh equation:

O
(
ε0): L{φ±0 ;k±,ω,X}= 0, φ±0 (r→ 0) finite, φ±0 (r→∞)= 0, (4)
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Figure 1. Sketches of a temporal branch of the dispersion relation given by the M-contour and spatial branches given by the L-contour whenX is fixed
at some real value. The branches deform from their positions in (a) until pinching at(ω0, k0) occurs as shown in (b).

where
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and

Ĝ±0 (X, r)=A±0 (X)φ±0 (r;X). (6)

The amplitudeA±0 is determined at the next order inε, where a secularity condition must be satisfied.

3. Global-mode structure

We are particularly interested in the long-time behaviour of the Green’s function,G, and the global-mode
structure associated with this. The main steps are summarized here but the reader is referred to the general
theory of Monkewitz et al. [4] for a more detailed explanation.

The long-time behaviour ofG is determined by the uppermost singularity ofĜ in theω-plane. In a strictly
parallel flow problem the associated pole is the absolute frequencyω0≡ ω(k0). This is defined as the frequency
at which the two spatial branchesk+ and k− coalesce in the complexk-plane. At this pointk± = k0 and
ω0= ω(k0). The spatial branches, however, must satisfy the Briggs–Bers criterion (Briggs [9]; Bers [10,11]).
This states that in order to satisfy causality, the two spatial branches must originate in opposite halves of
the complexk-plane when the imaginary part ofω (ωi) is sufficiently large to exceed any possible temporal
growth rates. As theω-contour is lowered the spatial branches move and in order for the integration path to
pass between them it must be deformed off the realk-axis. Lowering of theω-contour continues until the
integration path becomes pinched between thek+ andk− branches at the saddle pointk0, where∂ω/∂k = 0
(seefigure 1). If the flow is weakly non-parallel, then there exists a value ofω0 for each value ofX on the real
axis and in an analogous waŷG(X;ω) becomes singular at some valueXt in the complexX-plane from which
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Figure 2. Evolution of branches inω0 andX-planes as theω0-integration contour is lowered fromP1 to P2.Q1,2 are the correspondingX-integration
contours.

theX-integration contour cannot be moved (seefigure 2). The long-time behaviour of̂G is therefore governed
by the saddle point, or second-order turning point,Xt , where the following conditions must be satisfied:

∂ω

∂X
(kt0;Xt)= 0,

∂ω

∂k

(
kt0;Xt

)= 0, ωt0≡ ω
(
kt0;Xt

)
. (7)

The importance of considering the complexX-plane has been highlighted in the field of quantum mechanics
where work on bound states in potential-well problems (Pokrovskii and Khalatnikov [13]; Hille [14]; Bender
and Orszag [12]) corresponds closely with work on global modes in fluid stability problems. Stokes had also
shown that it is important to study the physical problem in the complexX-plane, suggesting that branch
switching at some complex value ofX may significantly affect the behaviour at realX.

OnceXt has been identified a rescaling is carried out in the turning point region. Assuming a doubly infinite
flow domain, the long-time response ofG is dominated by the global frequencyωG which has leading order
contributionωt0 and a small correction termεω2 such that

ωG = ωt0+ εω2. (8)

In the turning-point region, the disturbance streamfunction is expanded as

ψ̂ ′ = [80+ ε1/281+ ε82+O
(
ε3/2)](X̄, r)exp

[
i

ε
kt0
(
X−Xt

)− iωGt], (9)

whereX̄ ≡ ε−1/2(X−Xt) andkt0≡ k0(X
t). The leading-order solution is

80(X̄, r)= Ā0(X̄)φ
t
0(r), (10)
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whereφt0 is the solution to the O(ε0) (Rayleigh) problem. (Superscript ‘t ’ from hereon refers to evaluation
at X = Xt .) At higher order, a solvability condition generates a linearized Ginzburg–Landau equation with
variable coefficients for the amplitudēA0. This is solved through the introduction of a new variable

ξ ≡
(

4ωt0XX
ωtkk

)1/4

X̄, (11)

whereω0XX ≡ ∂2ω0/∂X
2 andωkk ≡ ∂2ω/∂k2. If the amplitude function is set to

Ā0(X̄)= exp
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2
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2
]
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wherek0X ≡ ∂k0/∂X, then this leads to the standard Hermite equation forα(ξ) (see Monkewitz et al. [4]
for details), and in order that turning point region solutions match the WKBJ solutions both upstream and
downstream ofXt , the frequency correctionω2 (and henceωG) is restricted to a set of discrete values such that
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wheren is an integer andδωt arises from non-parallel and viscous effects (a truly non-local effect). The
corresponding eigenfunctions are

αn(ξ)= exp
[
−1

4
ξ2
]

Hen(ξ), (14)

where Hen(ξ) are Hermite polynomials. Thus the lowest-order (n= 0) global eigenfunction has the Gaussian
form

Ā0(X̄)= exp
[
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2
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}
X̄2
]
. (15)

This analysis will be applied to a specific jet profile in the next section. The above frequency selection
criterion can be used to determine the preferred-mode Strouhal number by locating the saddle-pointXt in the
complexX-plane. The calculated Strouhal number, based on jet exit diameter, is obtained from the leading-
order contribution to the global frequency as follows

SD = f
∗D∗

U ∗0
= ω

∗D∗

2πU ∗0
∼ ωG0,r

2π
∼ ω

t
0,r

2π
,

where subscript ‘r ’ refers to the real part. The following sections introduce the specific jet profile used in the
analysis and describe the numerical procedures needed to carry out the preceding analysis.

4. Mean jet profile

The jet profile used for this investigation is the ‘near-top-hat’ profile introduced by Crighton and Gaster [3]
which is dependent onx∗. The diverging jet profile shows good agreement with experimental data up to
x∗ ≈ 4D∗ (see Strange and Crighton [15]), and can in this sense be taken as satisfying the mean turbulence
equations. Strange and Crighton [15] give the arguments by which stability analyses can be applied in this way
to the mean profile of a turbulent jet.
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Figure 3. Radial distributions of the mean jet profile at various streamwise positions suggesting the spatial structure of the jet.

The analytical form of this profile is

U ∗
(
x∗, r∗

)= U ∗0
2

[
1+ tanh

{
D∗

2(δ∗0 + δ′x∗)
(
D∗

2r∗
− 2r∗
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)}]
, (16)

where δ′ is the shear layer divergence rate andδ∗0 is the initial shear-layer thickness. Using the non-
dimensionalization scheme introduced earlier, and takingε = δ′/2 for the slow scale, the non-dimensional
form of the profile is

U(X, r)= 1+ tanh
[

1

2(d +X)
{

1

r
− r
}]
, (17)

whered = δ∗0/D∗. The velocity profile at selected streamwise positions is shown infigure 3. Near the nozzle
the profile is indeed close to a top-hat, with narrow shear layers. Not much remains of the uniform ‘potential
core’ beyond aboutx∗ = 5D∗ or so.

5. Mathematical methods

5.1. Numerical solution of the Rayleigh equation

The Rayleigh equation appearing in (5) was solved numerically using a fourth-order Runge–Kutta integration
scheme to compute the eigenvalues. For the velocity profile under consideration∂2U/∂r2, ∂U/∂r → 0 as
r→ 0,∞ which reduces the Rayleigh equation, in those limits, to the modified Bessel equation

d2φ0

dr2
+ 1

r

dφ0

dr
− k2φ0= 0. (18)
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Figure 4. Evolution of thek±-branches asωi is decreased toω0,i (thick lines). Arrows indicate the direction of movement of thek-branches and the
dashed line indicates the path ofω0,r . The circle denotes the value ofk0. The curves shown are forωi = 0.015, 0.0, −0.01, −0.02, −0.03, −0.03588

(thick line).

Physical boundary conditions require thatφ0/r andφ′0/r are finite atr = 0 and tend to zero asr →∞.
This requirement then defines appropriate boundary conditions for the numerical problem. Using the general
solution to the Bessel equation we find that

φ0∼ArI1 (kr)∼Akr2 asr→ 0, (19)

φ0∼BrK1(kr)∼ Be−kr
(
r

k

)1/2

asr→∞, (20)

whereI andK denote modified Bessel functions of the first and second kinds, andA,B are arbitrary constants.

The eigenvalues are found by integrating the Rayleigh equation in both forward and backward directions
with (19) and (20) as starting values. An iteration scheme is used to obtain smooth matching of the solutions at
some intermediate valuerm. This fixes the constantB, with A left as a free normalization constant.

5.2. Absolute frequency calculation

The absolute frequencyω0 is defined as the frequency at which the two branchesk+ andk− coalesce in the
complexk-plane; at this pointk± = k0, andω0 = ω(k0). These branches, however, must satisfy the criterion
of Briggs and Bers (Briggs [9]; Bers [10,11]), which imposes conditions on the origins of the spatial branches
whenωi is large.

Figure 4 shows the evolution of thek-branches ford = 0.01, X = 0.23 asωi is decreased from a large
positive value toω0,i . This demonstrates that the two branches originate in opposite halves of the complex
k-plane, thus satisfying the Briggs–Bers criterion. For the range ofX-values used throughout the calculations
this condition remained satisfied.
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Figure 5. Absolute frequency (ω0) and wavenumber (k0) as a function of realX (up tox∗ = 4D∗).

Figure 5 shows the absolute frequencyω0 and wavenumberk0 as a function ofX. It can be seen that
ω0,i < 0 for all X, so that the flow is absolutely stable and cannot therefore be globally unstable (Huerre
and Monkewitz [7]), but there does exist a maximum inω0,i suggesting the existence of a saddle pointXt in
the complexX-plane.

5.3. Location of the saddle point

The location of the saddle point can be identified by analytically continuing the data from the realX-axis
into the complexX-plane using some appropriate approximating function. The usual choice would be to
approximate by polynomials, but in this particular case severe problems occur because the saddle point
is located high in the complex plane. This presents two problems—a low-order polynomial approximation
behaves well when extended into the complex plane but is not sufficiently accurate in approximating the data
on the realX-axis. On the other hand, a high-order polynomial captures the information on the real axis very
accurately but is less well behaved high in the complex plane. As a result, approximation at different orders
produces different values ofXt , making polynomial approximation unreliable. An alternative is to use rational
function approximation, where the computed values ofω0(X) are approximated by the form

Rn(X)= a0+ a1X+ a2X
2+ · · · + anXn

1+ b1X+ b2X
2+ · · · + bnXn

. (21)

This type of function tends to be better behaved when extended into the complex plane and produces
convergence onto the desired locationXt as the order (n) of the approximation is increased.

The method used to obtain the best rational function fit involves a number of steps. A version of the Remes
algorithm (see Ralston and Wilf [16] for details) is used to obtain a minimax solution, i.e. values ofai andbi
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Figure 6. Error (En) in approximation ofω0(X) with successive order(n) of rational function approximation.

which minimize the maximum deviationrn, where

rn =max
∣∣Rn(X)− ω0(X)

∣∣.
For each value ofn there exists a minimax solution and the value ofn with the minimum value ofrn is selected
as giving the best fit.

Figure 6shows the errorEn between the minimax solution and the computed data, where the error is the root
mean square

En =
√∑N

j=1 |Rn(Xj)− ω0(Xj)|2
N

,

N being the number of data points along theX-axis. The minimum error occurs forn = 7 but there is little
difference between this and the errors atn= 6 and higher orders. We proceed by considering the saddle point
produced by the approximations atn= 6, 7 and 8 in order to monitor the accuracy of the analytic continuation
technique.

Figure 7(a) shows zero contours of the real and imaginary parts of∂ω0/∂X in the complexX-plane obtained
from the rational function approximation. Points where the lines cross identify the value ofXt at which∂ω0/∂X

vanishes exactly. There is some slight variation in the location ofXt with the order of approximation, but this
should be compared to the results infigure 7(b) which are obtained using polynomial approximation (i.e.
bi = 0 for i = 1, . . . , n). Here the saddle-point location varies significantly as the order of the approximation is
increased.

A comparison of the saddle-point location and the leading order global frequency is made intable I (with
d = 0.01) for increasing values ofn where the error in approximation (En) is comparable. This shows a
clearly defined Strouhal number of the preferred mode,SD = 0.44, which can be compared to experimental



A.J. Cooper, D.G. Crighton / Eur. J. Mech. B - Fluids 19 (2000) 559–574 569

Figure 7.Contours of real and imaginary parts of∂ω0/∂X = 0 in complexX-plane. The point where two lines cross givesXt for a given approximation.
(a) Rational function approximation; (b) Polynomial approximation. Solid line:n= 6; dotted line:n= 7; dashed line:n= 8.

Table I. Comparison of saddle-point location and leading-order global frequency
with increasingn (order of rational function approximation).

Order of approximation forω0

n= 6 n= 7 n= 8

Xt 0.0996+0.1326i 0.0976+0.1186i 0.0938+0.1185i

ωt0 2.7563−0.7725i 2.7776−0.7666i 2.7926−0.7589i

StD 0.4401 0.4421 0.4445

Table II. Numerical values at saddle-point given by
n= 7 rational function approximation.

ωt
kk

2.6949−0.3601i

ωt0XX 0.0914−0.7731i

kt0 0.7424−1.6485i

kt0X −0.1783+0.2405i

values of 0.41 (Drubka [17]) and 0.45 (Kibens [18]) for the axisymmetric, low-subsonic near-top-hat jet.
Experimental values for the preferred-mode Strouhal number have been found to range fromSD = 0.3 (Crow
and Champagne [1]) up to about 0.5. The value ofSD observed in experiment or calculated theoretically is
dependent to a considerable degree on the shape of the jet profile. A point to note here is that the values in
table I have been computed for the ratio of length scalesd = 0.01. Changes in the value ofd however, only
alter the position of the saddle pointXt , and do not change the value ofωt0 or any of the associated parameters,
so that the preferred-mode Strouhal number is independent ofd.

Figure 8 shows the evolution of theω0-branch asXi is increased for then = 7 approximation. The cusp
point in theω0-plane, for fixedXi , is characteristic of the pinching of two branches in the complexX-plane,
as sketched infigure 2. The value ofω0 at the cusp point (ωt0) is the leading-order contribution to the global
frequency.

The numerical procedure to determineωkk(X), for real X, involves the solution of an inhomogeneous
Rayleigh equation (see Monkewitz et al. [4] for details). Subsequently bothk0(X) andωkk(X) are analytically
continued into the complexX-plane using a rational function approximation. The remaining parameters
required for subsequent calculations are given intable II. In order to satisfy causality one must haveωkk,i < 0
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Figure 8. Evolution ofω0 for constant values ofXi using then = 7 rational function approximation. The uppermost line corresponds toXi = 0.09;
successive lines are forXi increased in steps of 0.006 and the lower line is forXi = Xti , where the characteristic cusp in the complexω0-plane

identifiesωt0.

andω0XX,i < 0 (Chomaz et al. [8]), and both of these conditions are found to be satisfied by the approximations
used.

The axial variation of the global eigenfunction, using (9), can be written in terms of the unscaled streamwise
coordinatex as follows,

A(x)= exp
[
−
{(

ωt0XX

ωtkk

)1/2

− ikt0X
}
ε

2

(
x − xt )2]exp

[
ikt0
(
x − xt )]. (22)

The shape of the global mode amplitude can be calculated using the computed values appearing intable II.

5.4. Comparison with Laufer and Yen

In the experiments of Laufer and Yen [6] it was found that the amplitude of the near-field pressure fluctuations
could be well modelled by a Gaussian function, with the width of that function being a fixed multiple of the
instability wavelength at the frequency considered. They found their experimental data to collapse well onto
the Gaussian form withb/λ= 1.0, whereb is the Gaussian half-width andλ is the instability wavelength. The
half-width b is defined as the(x − xt )-value at which|Ā0| = exp(−1), and so from (22) that for the global
mode is

b=
√

2

εRe{(ωt0XX/ωtkk)1/2− ikt0X}
,
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where Re{·} denotes the real part. The wavelength associated with the global mode is 2π/kt0,r , and using values
in table II the ratio is

b/λ= 0.2052/
√
ε. (23)

Agreement with the Laufer and Yen [6] result occurs whenε = 0.0421, which corresponds to a shear-layer
divergence rate ofδ′ = 0.0842. Unfortunately, however, Laufer and Yen [6] did not present any mean profiles,
so we have no direct way of checking this value ofδ′. There is also no direct way of seeing how well the Laufer
and Yen [6] profiles are represented by (16).

In terms of the acoustic field, the low Mach number experiments of Laufer and Yen [6] gave rise to acoustic
fields which were superdirective in character, where the directivity varies exponentially with direction cosines,
rather than in the low-order polynomial fashion expected from the general aeroacoustic theory of Lighthill [19].
The experimental results were found to follow the relation〈

p2〉∼ exp
{−45[1−Mc cosθ]2}, (24)

whereMc is the convection Mach number andθ is the angle from the jet exhaust. Theθ -dependent part of (24),
to leading order inMc, is 〈

p2〉∼ exp{90Mc cosθ}. (25)

Crighton and Huerre [5] obtained an expression for the acoustic field from a general Gaussian wavepacket.
Using the Gaussian form in (22) determined by the global-mode theory, the sound field can be expressed as

p(r, θ)∼ 1

ε1/2

(
2πMc

r

)1/2

sinθ exp
(
iMcr − 1

4iπ
)
Â

(
Mc cosθ − kt0
(ε/2c)1/2

)
, (26)

wherec = 1/{(ωt0XX/ωtkk)1/2− ik0X} and

Â(K)= 1

2π

∫ ∞
−∞

exp
(
−εx

2

2c

)
exp(−iKx)dx. (27)

The θ -dependent part of the Gaussian, or ‘antenna’, factor of the expression in (26), to leading order inMc,
gives 〈

p2〉∼ exp
{

2

ε

[
crk

t
0,r − cikt0,i

]
Mc cosθ

}
, (28)

which is of the same form as that in (25).

Using computed values forc andkt0, and the value ofε = 0.0421, the result is〈
p2〉∼ exp{76Mc cosθ}. (29)

Thus the wavepacket for the lowest-order global mode yields a superdirective field, itself an astounding
thing to find in a low Mach number acoustic field, even though it underestimates that found by Laufer and Yen.
Experimental and theoretical results are compared, infigure 9, on a dB scale by plotting 10 log10〈p2〉 over the
range 06 θ 6 π/2, using the results in (25) and (29), whenMc = 0.075. For a direct comparison, the value
at θ = 0 is taken to be 0 dB. Both curves show a significant variation fromθ = 0 to θ = π/2, of ∼ 29 dB
from Laufer and Yen, and∼ 25 dB from the global-mode theory. The difference between these variations is,
given all the imponderables of the calculation and the difficulties of the experiments at such low Mach number,
remarkably small.
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Figure 9. Variation of antenna factor with angle from jet exhaust (θ ) on a dB scale; comparison between the global-mode theory result in (29) [solid
line] and experimental results of Laufer and Yen [6] in (25) [dashed line].

6. Conclusions; and a conjecture

It has been shown that the slowly diverging, ‘near-top-hat’, axisymmetric jet sustains lightly damped global
modes which can be excited to large amplitude (relative to background) by external forcing. Using analytic
continuation into the complexX-plane—approximating numerical results with rational functions—leads to a
well-defined global frequency. This predicts a preferred mode Strouhal number ofSD = 0.44, which lies within
the range of experimentally predicted values (0.3–0.5). No criterion has previously been proposed which has
led to the identification of any particular value.

The lowest-order global-mode amplitude has a Gaussian wavepacket structure and hence can give rise to
a superdirective acoustic field, as suggested by the theory of Crighton and Huerre [5], and the experiments
of Laufer and Yen [6]. Using numerical results from the global-mode calculation, both the near and far-
fields have been compared to the results of Laufer and Yen [6]. A shear-layer divergence rate ofδ′ = 0.0842
gives agreement with the Gaussian form of the near-field pressure fluctuations found by Laufer and Yen.
The θ -dependent antenna factor in the directivity was determined by using the calculation of Crighton and
Huerre [5] for the acoustic field. Substitution of numerical values associated with the lowest-order global mode
gives rise to a pattern which agrees in part with that of Laufer and Yen. Although the form of the directivity
is correct, the numerical values derived from it differ substantially from the Laufer and Yen levels. This is not
altogether surprising, as unknown parameters appear in exponentials, there is no knowledge of the possible
range of errors in the difficult Laufer and Yen experiments, and there is no information on their mean flow
structure.

This investigation has been successful in describing—in terms of a global-mode structure—the case where
there exists a preferred jet-column mode which is naturally lightly damped and is excited above background
by external forcing, precisely as observed by Crow and Champagne [1]. The effects seen in the experiments of
Laufer and Yen [6] can also be explained in part using the global-mode formulation. However in the experiments
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of Bechert and Pfizenmaier [20] and Moore [21], it was found that broadband amplification occurred, in
response to external single-frequency forcing, and no prominent tonal response. Crighton [22] studied results
from a number of investigations in an attempt to link the two types of behaviour to some parameter differences.
With ReD the Reynolds number based on jet exit diameter and mean centre-line velocity, it was hypothesised
that for ReD < 105 the jet response is of the preferred mode kind, but for ReD > 105 the response is the almost
uniform broadband amplification and tonal suppression (see Table 1 of Crighton). These differences may be
due to some change in the characteristics of the global mode. In particular, we conjecture that at a critical value
of ReD of order 105, the lowest-order global mode changes the sign of the imaginary part of its frequency, so
that the mode becomes globally absolutely unstable. No linear model could be expected to predict the right
behaviour for ReD > 105, and one would inevitably have to deal with a non-linear spatio-temporal system
subject, in a typical experiment, to single-frequency external forcing. It is well known, at least in some model
systems such as KdV and Sine-Gordon, that broadband chaotic response typically results from such single-
frequency forcing.

In the model used here for the jet profile it is difficult to incorporate any effects of changing Reynolds
number, and as such the model profile may be quite inadequate for investigation of the Reynolds number
criterion conjectured above. The parameterd = δ∗0/D∗ is affected by changes in Reynolds number, but varying
this parameter serves only to shift the location of the saddle point up or downstream, and has no effect on
the global frequency value. A series of well-documented experimental jet profiles, taken across a range of
Reynolds numbers, may provide insight into the different response seen apparently above ReD ≈ 105. Ideally
all these profiles would have thin and naturally turbulent shear layers at the nozzle exit, so that Reynolds
number variations really would be the principal variations. A global-mode analysis using such profiles will be
the subject of future work.
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